This paper addresses new modified generalized projective synchronization (MGPS) of fractional-order chaotic systems based on the stability theory of fractional-order systems, where the drive and response systems could be asymptotically synchronized up to a desired transformation matrix, not a diagonal matrix. MGPS between the hyperchaotic Lorenz system and the Lü system of the base order 0.95 is implemented as an example. Numerical simulations show the effectiveness and feasibility of the method.
Introduction
It is well known that fractional calculus is a classical mathematical notion, with a history as long as calculus itself. But its applications to physics and engineering are a subject of only recent interest [, ] . It was found that many systems in interdisciplinary fields can be elegantly described with the help of fractional derivatives, for instance, viscoelastic systems [] , electromagnetic waves [], dielectric polarization [] , quantitative finance [] , quantum evolution of complex systems [] , and so forth.
More recently, many investigations were devoted to the chaotic behavior, chaotic control, and synchronization of fractional-order dynamical systems. For example, it has been shown that Chua's circuit with an order as low as . can produce a chaotic attractor [] . In [] , it was shown that nonautonomous Duffing systems with an order less than . can still behave in a chaotic manner. In [] , chaotic behavior of the fractional-order 'jerk' model, in which chaotic attractors can be obtained with a system of the order as low as ., was studied. Bifurcations and chaos in the fractional-order simplified Lorenz system [] , chaotic behavior and its control in the fractional-order Chen system [] were reported. In [] , chaotic and hyperchaotic behaviors in fractional-order Rössler equations were studied. Chaotic dynamics and synchronization of fractional-order Arneodo systems [] , the Lü system [] , and a unified system [] , synchronization of fractional-order hyperchaotic modified systems [] were also reported.
Recently, projective synchronization (PS) has been especially extensively studied because it can be used to obtain faster communication with its proportional feature and the ©2013 Liu et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2013/1/374 unpredictability of the scaling factor can additionally enhance the security of communication [-]. In [, ], Wu et al. presented the generalized projective synchronization (GPS) method for fractional-order Chen hyperchaotic systems, which associates with the projective synchronization and the generalized one, where the drive and response systems could be synchronized up to scaling factors θ i . In the practical applications, a more general form synchronization, called modified generalized projective synchronization (MGPS), where the drive and response systems can be synchronized up to a transformation matrix that is not diagonal, will increase the complexity of the synchronization and further increase the diversity and the security of communications. Moreover, to the best of our knowledge, most of the existing papers only consider constant scaling factors which is a diagonal matrix, and the MGPS, which has rarely been explored, will contain GPS with constant scaling factors and extend previous works. Therefore, MGPS of fractional-order chaotic systems becomes a new meaningful problem.
Motivated by the above discussion, this paper introduces a fractional-order chaotic Lü system and aims to investigate this new MGPS of fractional-order chaotic systems with different structure, where the drive and response systems could be asymptotically synchronized up to a desired transformation matrix, not a diagonal matrix. Based on the stability theory of fractional-order systems, the controllers are designed to make the drive and response systems synchronize up to the desired transformation matrix. This paper is organized as follows. In Section , a brief review of the fractional derivative and numerical algorithm for the fractional-order system is given. Dynamics of a novel fractional-order chaotic system is numerically studied and demonstrated by computer simulation. In Section , a general method of MGPS for coupled fractional-order chaotic systems is presented based on the stability theory of fractional-order systems. MGPS between the fractional-order hyperchaotic Lorenz system and the Lü system is derived, and numerical simulations show the effectiveness and feasibility of the proposed synchronization scheme. Finally, the conclusions are given in Section .
A novel fractional-order chaotic system

Fractional derivative and its approximation method
There are many definitions of fractional differential operators [] . The definition of the Riemann-Liouville derivative is given as follows:
where m = α , i.e., m is the first integer which is not less than α, J β is the β-order
Riemann-Liouville integral operator as described by
where (•) denotes the gamma function (x) =
Here and throughout, the following Caputo definition is applied:
where m = α . http://www.advancesindifferenceequations.com/content/2013/1/374
Here we choose the Caputo version and use an improved predictor-corrector algorithm, i.e., the Adams-Bashforth-Moulton predictor-correctors scheme for fractional differential equations [-], where the numerical approximation is a time-domain approach that is more accurate, and the computational cost is greatly reduced.
The improved fractional predictor-corrector algorithm is based on the analytical property of the following differential equation:
which is equivalent to the Volterra integral equation
. Equation (.) can be written as
where the predicted value
The estimation error in this method is In the present paper, based on the above descriptions, we modify the derivative operator in Eq. (.) to be with respect to the fractional order α ( < α ≤ ). Thus the fractional version of the hyperchaotic Lü system is given by
Dynamic analysis of a novel fractional-order system
where a, b, c and d are real positive constant parameters. When α = , system (.) reduces to the classical integer-order modified hyperchaotic Lü system (.).
.. Dynamic analysis of the fractional-order Lü system
According to the numerical algorithm for fractional differential systems in Section ., system (.) for initial condition (x  , y  , z  , w  ) can be written as
In the following simulations, the system parameters are always chosen as a = , b = ,
The simulation results demonstrate that chaos indeed exists in the fractionalorder system (.) with order less than . For example, when α = ., a chaotic attractor is found, and the phase portraits of the system are displayed in Figure  . Equation (.) has no solution when α < .. A chaotic attractor is found for α = ., and its phase portrait is displayed in Figure  . Thus the lower limit of fractional order for this system to be chaotic is between α = . and α = ., and the lowest order we found for this system to yield chaotic is .. 
MGPS between the different fractional-order systems
A general method for MGPS of fractional-order systems
In this section we apply stability analysis to fractional-order systems. Fractional-order differential equations are at least as stable as their integer-order counterparts because systems with memory are typically more stable than those without memory [, ]. Consider the fractional-order chaotic drive and response systems as
where the state vectors X, Y ∈ R n , f , g : R n → R n are continuous vector functions and can be expressed as
Then the discussions of MGPS between the two coupled systems (.) and (.) can be translated into the analysis of the asymptotic stability of the zero solution of the error system (.). Next, a suitable controller is provided to ensure the asymptotic stability of the zero solution of the error system (.) based on the stability theorem of linear fractionalorder systems. For a given autonomous fractional-order linear system
with z() = z  , where  < α <  and z ∈ R n , M is a constant matrix. Now, due to Lemma , the following results can be obtained.
Lemma  [] System (.) is (i) asymptotically stable if and only if
arg λ i (M) > απ/ (i = , , . . . , n),(.
Theorem  Given a fractional-order drive system (.) and a response system (.), there exists a suitable controller
U = CAX + CF(X) -BCX -G(Y ) + Ke, (  .  )
where K ∈ R n×n is a gain matrix. MGPS between systems (.) and (.) can be achieved if and only if all the eigenvalues of B
Proof Substituting controller (.) into system (.), the error system (.) can be rewritten as
Due to Lemma , we arrive at the conclusion that system (.) is asymptotically stable if and only if all the eigenvalues
That is, lim t→∞ e = , or systems (.) and (.) realize MGPS. This completes the proof. http://www.advancesindifferenceequations.com/content/2013/1/374
MGPS between the fractional-order hyperchaotic Lorenz system and the Lü system
In this section the MGPS behavior between two different fractional-order systems, the hyperchaotic Lorenz system and the modified Lü system, is made. It is assumed that the fractional-order Lü system drives the hyperchaotic Lorenz system. Therefore, we define the Lü system as a master system and the hyperchaotic Lorenz system as a slave system as follows. The master system described through Eq. (.) is
(.)
The slave system described in [] is
where k, m, n, p are parameters and x, y, z, w ∈ R are variables, four functions u i (t) (i = , , , ) are the controller to be determined later so that the drive and response systems can be synchronized in the sense of MGPS.
Comparing systems (.) and (.) with systems (.) and (.), one has
Here, choose a transformation matrix
The error system e = Y -CX between systems (.) and (.) is 
so that all the eigenvalues
In the numerical simulations, the initial values of the drive and response systems are arbitrarily chosen as ( T which tends to zero as t → ∞, which implies that the error system (.) between the drive and response systems (.)-(.) is globally and asymptotically stable. What should be mentioned is that the fractional order and control gains, i.e., the elements of K , play an important role in the synchronization rate.
Conclusion
In this paper, MGPS of a novel fractional-order chaotic system is presented. First, we numerically study the chaotic behavior of a novel fractional-order four-dimensional Lü system according to the generalized Adams-Bashforth-Moulton predictor-corrector algorithm. Then, based on the stability theory of fractional-order systems, the MGPS method for a class of fractional-order chaotic systems is presented, and a nonlinear controller is given to control the slave system to become a projection of the master system. In MGPS, the drive and response systems could be asymptotically synchronized up to a desired transformation matrix, but not a diagonal matrix.
This synchronization method can be easily extended to other chaotic systems. The classical 'P-C' complete synchronization, anti-synchronization, and generalized projective synchronization can be considered as special cases of our scheme. For verifying the effectiveness and feasibility of the presented synchronization scheme, some numerical simulations were performed.
It is worth mentioning that there are still many interesting problems about chaos synchronization of different fractional-order systems that warrant investigation in future, such as lag MGPS and adaptive MGPS. 
